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Abstract 

It is shown that, the quasi-Koszulities of algebras and modules are 
Morita invariance. A finite-dimensional iC-algebra A with an action 
of G is quasi-Koszul if and only if so is the skew group algebra A * G, 
where G is a finite group satisfying chariT \ \G\. A finite-dimensional 
G-graded -ff-algebra A is quasi-Koszul if and only if so is the smash 
product A#G*, where G is a finite group satisfying charX \ \G\. These 
results are applied to prove that, if a finite-dimensional connected 
quiver algebra is Koszul then so are its Galois covering algebras with 
finite Galois group G satisfying char isT \ \G\. So one can construct 
Koszul algebras by finite Galois covering. Moreover, a general con- 
struction of Koszul algebras by Galois covering with finite cyclic Ga- 
lois group is provided. As examples, many Koszul algebras are con- 
structed from exterior algebras and Koszul preprojective algebras by 
finite Galois covering with either cyclic or noncyclic Galois group. 

2000 Mathematics Subject Classification: 16S37, 16G20, 16S35, 16S40, 16W50 



Introduction 

Koszul algebras play an important role in commutative algebra, algebraic 
geometry, algebraic topology, Lie theory and quantum groups (cf. HI EDI 
El ESI EI)- It is a quite nice class of algebras because, on one hand, there 
exists Koszul duality in the sense of not only algebra (cf. 7, Theorem 2.10.2] 
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and [THl Theorem 2.3]) but also module category and derived category (cf. 
fi.84 Theorem 5.2] and [3 Theorem 2.12.6]), on the other hand, for a Koszul 
algebra, both the minimal projective resolution of its semisimple part and its 
minimal projective bimodule resolution are rather clear (cf. [TU| and [TB*]). 
Now many algebras are known to be Koszul, such as path algebras |TH1 p. 
240], radical square zero algebras 23J Corollary], quadratic global dimension 
2 algebras |I3 Theorem 7.2], finite-dimensional indecomposable radical cube 
zero selfinjective algebras of infinite representation type |2*3*1 Theorem 1.5] 
and many (generalized) preprojective algebras (cf. [15, Section 7] and [23, 
Theorem 1.9]). From the known Koszul algebras, there are some ways to 
construct new Koszul algebras: the opposite algebra of a Koszul algebra 
is Koszul (cf. |3 Proposition 2.2.1] and ([18* Corollary 4.3]), the quadratic 
duality equivalently the Yoneda algebra of a Koszul algebra is Koszul (cf. 
[7J Proposition 2.9.1], ^7J Theorem 6.1] and ^Sl Theorem 2.2]), the tensor 
product algebra of two Koszul algebras is Koszul [THl Theorem 3.7], and so 
on. 

Here we provide another construction of Koszul algebras by finite Galois 
covering. This construction is very convenient in practice because one can 
construct Koszul algebras and provide their quivers and relations directly 
from a known Koszul algebra given by quiver with relations. The paper is 
organized as follows: In Section Q we show that the quasi-Koszulities of al- 
gebras and modules are Morita invariance. Section El is essentially due to 
Martinez- Villa (cf. |25j). In this section, we show that a finite-dimensional 
.fT-algebra A with an action of G is quasi-Koszul if and only if so is the 
skew group algebra A * G, where G is a finite group satisfying charier \ \G\. 
Moreover, we prove that the Yoneda algebra Ext* AifG ((A * G)/ J {A * G),(A* 
G) I J(A*G)) of the skew group algebra A*G is isomorphic to the skew group 
algebra Ext* A (A/J, A/ J) * G of the Yoneda algebra Ext* A (A/J, A/ J). In Sec- 
tion El we show in two ways that a finite-dimensional G-graded i^-algebra 
A is quasi-Koszul if and only if so is the smash product A#G*, where G is 
a finite group satisfying chari^ { \G\. Moreover, we prove that the Yoneda 
algebra Ext^ #G , J(A#G*), (A#G*)/J(A#G*)) of the smash prod- 

uct A#G* is isomorphic to the smash product Ext* A (A/ J, A/ J)#G* of the 
Yoneda algebra Ext* A (A/ J, A/ J). In Section HI we apply the results above to 
show that, if a finite-dimensional connected quiver algebra is Koszul then 
so are its Galois covering algebras with finite Galois group G satisfying 
charK \ \G\. Finally, in Section we provide a general construction of 
Koszul algebras by Galois covering with finite cyclic Galois group. As exam- 
ples, we construct many Koszul algebras from exterior algebras and Koszul 
preprojective algebras by finite Galois covering with either cyclic or noncyclic 
Galois group. 
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1 Morita invariance of quasi-Koszulity 



In this section we show that the quasi-Koszulities of algebras and modules 
are Morita invariance. Throughout the paper, the composition of maps is 
written from right to left except for those in Yoneda algebras. 

1.1 Quasi-Koszulity 

Let K be a field. A graded K-algebra A = \J i>0 A4 is said to be generated 
in degree and 1 if A { = A\ for all i > 2 (cf. [IE]). 

In this section, A is assumed to be a fixed noetherian semiperfect K- 
algebra (cf. [H §27]). Denote by J := J (A) the Jacobson radical of A. Let 
M,N be two A- modules. Then Ext l A (M,N), i > 1, can be viewed as a K- 
vector space of congruence classes of i-extensions whose addition is given by 
Baer sum (cf. |211 Chapter III, §5]). It is convenient to write an ^-extension in 

the form M «- E 1 < <- E t <-< N. It is well-known that Ext^(M, M) := 

\J i>0 Ext^(M, M) is a graded if-algebra with Ext* A (M, M) in degree i, for 
which the multiplication is given by the Yoneda product (cf. [2TJ Chapter 
III, §5]). The algebra A is called a quasi-Koszul algebra if Ext* A (A/ J, A/ J) 
is generated in degree and 1 (cf. [T7J p. 263]). An A- module M is said to 
be quasi-Koszul if Ext\(M, A/ J) Ext \( A/ J, A/ J) = Exk%\M,A/J) for all 
% > 0, equivalent^, Ext^(M, A/ J)Ext j A (A/ J, A/ J) = Ext A j (M,A/J) for all 
ij>0. 

A graded if-algebra A = \J i>0 A4 is called a graded quiver algebra if it 
satisfies: (1): A = K r as i^-algebras for some r > 1; (2): dinif^i < 00 
for all i > 0; (3): A is generated in degree and 1 (cf. |21j). Note that a 
graded quiver algebra A is isomorphic to a graded quotient of a path algebra 
with length grading, namely A = KQ/I where Q is a finite quiver and 
I C (ii'Q" 1 ") 2 is a homogeneous ideal of A in the length grading, here KQ + 
denotes the ideal of KQ generated by all arrows (cf. |15j). For the theory 
of quivers and their representations we refer to [Sj. A quasi-Koszul graded 
quiver algebra is called a Koszul algebra. 

1.2 Decomposition of extension groups 

Let ©| =1 Mj be the direct sum of A-modules Mi, M s . Denote by \ : Mj — > 
©| =1 Mi,mi (0, ...,0,mi,0, ...,0) and : ©| =1 Mj -> M, (mi, ...,m s ) mi 
the canonical injection and projection respectively. Denote by A : M — > 
M s , m 1— > (m, m) and V : M s M, (mi, m s ) 1— > mi + • • • + m s the 
diagonal map and the swm map respectively. Note that A = X] S =i ^« ari d 

v v; ; P, 
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For r > 0, Ext^(©f =1 M;, N) = ©* =1 Ext^(M;, N) as K-vector spaces and 
the isomorphism is given by : Ext^(©f =1 M;, N) -> ©• =1 Ext^(M i , A/"), [£] h-> 
(Ext^(A i ,iV)([e])) i with inverse V : ©| =1 Ext^(M i , TV) -> Ext^ (©f =1 M,, TV), 

([6])i^E!=iK(ft.iV)([6]). 

Similarly, Ext^(M, ©* =1 A^) = ©* =1 Ext^(M, A^) as AT-vector spaces and 
the isomorphism is given by : Ext r A (M, ©*- =1 AT J -) -> ©^ =1 Ext^(M, A^-), [£] 
(Ext^(M,pj)(K]))j wi th inverse ^ : ©*- =1 Ext^(M, Nj) -> Ext^(M, ©* =1 A,-), 

(y),-ELiExt^(M,A,)(y). 

More general, Ext^(©f =1 Mi, ©* =1 A^-) = 0f =1 ©* =1 Ext^(Mj, AT,-) as K- 
vector spaces and the isomorphism is given by : Ext^(ffif =1 Mj, ©*- =1 ATj) — > 
©| =1 ©^Ext^A^] -> (Ext^(M l ,p,)Ext^(A l ,©5 =1 iV J )([e])) M with 
inverse ^ : ©| =1 ©*- =1 Ext^(M;, Nj) -> Ext^(©| =1 M i , ©* =1 A,-), ([&] ) i;j >-> 

Ei=iE5=iExt^(p i ,©* =1 A^)Ext^(M i ,A j )([^]). In this case, denote by 
E A (Mi, Nj) the image of Ext^(Mj, AT,-) under the map ip. Then 
Ext^(©| =1 M i , & j=1 Nj) = UU UU E a( M h N i)- 

1.3 Morita invariance of quasi-Koszulity 

Firstly, we have the following "expansion lemma": 

Lemma 1 Let M, N, Li be A-modules with 1 < i < z. Then, for r,l > 0, as 
the K-subspaces of Exf A +l (M, N), 

z 

Exf A (M, ® z i=1 Li)Ext A {® z i=l Li, N) = J2 Exf A (M, L,^Ext l A {L u N). 

i=i 

Proof. For [f] G Ext r A (M, ® z i= i L i) and [C] e Ext l A ((Bf =1 Li, N), we have 

[^Ext^A^AOaCD 
= Ext^(M,p i )([e])Ext! 4 (A i ,7V)([C]) 

= Ext^(M,A iA )([e])[C]- 

Thus 

= E-=i[e]Ext! 4 (A iPi ,7V)([C]) 

= E-=iExt^(M,p i )([e])Ext! 4 (A i ,7V)([C]) 

e E-=iExt^(M,L l )Ext! 4 (L,,iV). 

Conversely, for [&] G Ext^(M, Lj) and [0] G Ext^(Lj, AT), we have 

= [6]Ext! 4 ( A A,,iV)([C l ]) 

= Ext^(M,A i )([6])Ext! 4 ( A ,7V)([C,]) 

G Ext^(M,©f =1 L,)Ext! 4 (©f =1 L l ,iV). 
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□ 

Secondly, we have the following "cancelation lemma" : 

Lemma 2 Let M, N, L\, L 2 , L 3 be A-modules with L 2 = L 3 . Then, for r, I > 
0, as the K-subspaces of Exf A +l (M, N), 

Exf A (M, ®UiLi)Ext l A (® 3 i=1 Li, N) = Exf A (M, @ 2 i=1 Li)Exi A (® 2 i=1 L h N). 

Proof. Assume that a : L 2 — > L 3 is an isomorphism of A-modules. For 

[f 3 ] G Ext r A (M,L 3 ) and [C 3 ] G Exk l A (L 3 ,N), we have 

foHCs] = NExt^aa^AOaCs]) 

= Ext^(M,a- 1 )([e 3 ])Ext! 4 (a,iV)([C3]) 

G Ext^(M,L 2 )Ext^(L 2 ,iV). 

By Lemma Q we have 

Ext^(M,©f =1 L i )Ext^(®f =1 L i ,iV) = ^Ext^M^Ext^iV) 

= ELiEx^(M ) L i )Ext^(L i) iV) 
= Ext^M, ©2 =iLj ) Ex t^(©2 =iL . ; AT). 

□ 

For any if-algebra A, denote by ModA (resp. modA) the category of 
(resp. finitely generated) left A-modules. We have the following "extension 
group isomorphism lemma" : 

Lemma 3 Let F : ModA — > ModA' (resp. F : modA — > modA') be an 
equivalence functor. Then F induces K -vector space isomorphisms Fmn '■ 
Exf A (M, N) -> Exf A ,(F(M), F(N)) for all M, N in ModA (resp. modA) and 
r > 0. 

Proof. In case r = the isomorphism is well-known (cf. PJ 21.2. Propo- 
sition]). By [H 16.3. Proposition], F(M 1 © M 2 ) is a direct sum F(M 1 ) and 
F(M 2 ) with injections -F(Ai) and -F(A 2 ). Thus there are A'-modules maps 
<P Mi m 2 : F(M 1 © M 2 ) -> F(Mi) © F{M 2 ) and ^ Mi m 2 : F(M 1 ) © F(M 2 ) -> 
F(Mi ©M 2 ) such that ^MxM 2 '^m 1 m 2 = 1,^m 1 m 2 (/ ) m 1 M2 = !,(/>MiM 2 F(\i) = A* 
and F(pi)il) MlM2 = p { for i = 1, 2. Hence (f> MM F(A) = A and F(V)ip M M = 
V. 

Let /, : M{ — ► iVj be A-module maps with i = 1,2. Applying the formulae 
above, we can show that <f) NlN2 F(diag{fi, f 2 })) = diag{F(f 1 ), F(f 2 )}4> Ml M 2 , 
since diag{ft, f 2 } = Xifipi + A 2 / 2 p 2 . 

The functor F induces a map F MN : Ext^(M, iV) -> Ext r A ,(F(M), F(N)), 
[£] — > For [£ 2 ] G Ext^(M, iV), using the preparations above we 
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can show routinely that F M n([(i] + [6]) = F M n{[£i\) + F M n{[&])- So F mn 
is a i^-linear map. 

Let G be an inverse equivalence of F. Then G also induces a i^-linear 
map GW : Ext£,(Af', - Ext^(G(M'), G(iV')), [C] - [G(()}. 

The natural isomorphism 77 from the functor GF to the identity functor 
induces an isomorphism rj M N ■ Ext r A (GF(M), GF(N)) -> Ext^(M, JV), [f] ^ 
[??(£)], where ?/(£) is obtained from £ by replacing the monomorphism (resp. 
epimorphism) in £ with the composition of it and the isomorphism r/^ 1 : 
N -> GF(N) (resp. r/ M : GF(M) -> M). 

Since t)cf(m)Gf(n)Gf(m)f(N)Fmn = 1> G F (m)f(n)Fmn is a bijection. Sim- 
ilarly, Fgf(m)gf{n)G f(m)f(n) is a bijection. Hence Gf(m)f(n) is a bijection. 
It follows that Fa/at is a bijection. □ 

Theorem 1 Lei F : ModA — > ModA' or F : modA — > modA' be an equiv- 
alence functor. If A is a quasi-Koszul algebra then so is A' . If M is a 
quasi-Koszul A-module then F(M) is a quasi-Koszul A 1 -module. 

Proof. By jH 21.8. Proposition and 27.8. Corollary], A' is also noethe- 
rian and semiperfect. Denote by S±, S s a complete set of the representa- 
tives of simple ^4-modules. Then S[ := F(Si), S' s := F(S S ) is a complete 
set of the representatives of simple A'-modules (cf. §21 and §27]). Assume 

lu'- u'- 

that AJ J = ®f = \Si 1 = ©*_i ®k=i Sik and A / J 1 = Q)j = iSj 3 = ©j=i ©;=i ^7 
where J' is the Jacobson radical of A', Sik = Si and S'^ = S'j for all k, I. 

The algebra A is quasi-Koszul, by definition, Ext* A (A/ J, A/ J) is gener- 
ated in degree and 1. So is Ext* A (® s i=1 S^ , ©? =1 Sf ) = Ext^(©| =1 ®f =1 
Sij, ©|=i ©j=i Sij). Thus 

for all r > 1. By Section fl~2l we have 

m =1 u?:iULiur=i^ +1 (^ ; ^) 

— 2-fi=l 2^=1 Z^fc=l 2^=1 ^AWiJJ 0?p=l ^g=l , - , P9J- C/ Altyp=l tbg=l D P9> ^kl) 

for all r > 1. Note that E^ , ® s p=1 ® u q p =1 SpjE^®^ ® u q p =1 S pq , S kl ) Q 
E A +1 (S t3 ,S kl ). Thus 

E r A +1 (Sij, Ski) = E r A (Sij, ©p =1 © g =i 5'pg)-E'A(©p=l ©g=l "Spg> 
for all z, j, fc, /, r. It follows 

Ext^*~ (S^, Ski) = EiXt A (Sij, ffip =1 ffi g =l >S'pq)Ext^(©p =1 ® q =i Spq, Ski) 
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for all k, I, r. By Lemma El we obtain 

Ext^ + (Sij, Ski) — Ext^(5 , y, ©p =1 5'p)Ext^(©p =1 S'p, Ski) 

for all k, I, r. Applying Lemma El and Lemma El we have 

Ext^S^) 
= -^SyS fci (Ext^ + (S^, S H )) 
= F Si]Skl (Ext r A (S* 3 , ® s p=l S p )Ext A (® s p=1 S p , S H )) 
= Ext r A ,( S' r F{@l =} S p ))Ext\,y(@l^S p ), S' M )) 
= Ext r A ,(Slj,(B s p=1 S p )Ext A ,((B s p=1 S p , S' kl ) 

= Ext^/(5^, ©p =1 ® g Li S pq )Ext A ,(®p =1 ® q Li S' pq , S' kl ) 
for all k, I, r. It follows 

^A^i^'ij' S'ki) = E r A'(S'ij> ©p=i © g =i S' pq )E\,((B P= i ® q Ll S' pq , S'kl) 
for all i, j, k, I, r. Thus 

LL=i Ui=i llfc=i LL=i EAf l {Siji s'h) 

= Si=l S?=l Sfc=l 5^2=1 ^A'(S'ij, ©p=i © g =l ^^-^'(©jUl ©g=l ^pg) ^fcz) 

for all r > 1. It follows from Section fOl that 

Ext^t 1 (ffi* =1 ©j=i S'^, ©|=i ©,-Li S'Ij) 

= Ext^,(©f =1 ffij = i S'y, ©i = i ©j=l 5'i : ,-)Ext A /(©f =1 ffij = i S^-, ©f =1 ©j=i £y) 

for all r > 1. So Ext^(ffif =1 S^, fflf =1 £f *) = Ext^(ffi| =1 S^-, ffif =1 ©ji x 
S^) is generated in degree and 1. Thus Ext* A ,(A' / J' , A' / J') is generated in 
degree and 1, i.e., A' is quasi- Koszul. 

Now suppose M is a quasi-Koszul A-module, we show that F(M) is a 
quasi-Koszul A'-module. By definition, 

Ext r A +1 (M,A/J) = Ext r A (M, A/J)Ext\(A/J, A/ J) 

for all r > 0. It follows from Lemma El that 

Ext r + l (F(M),F(A/J)) = Ext A ,(F(M),F(A/J))Ext l A ,(F(A/J),F(A/J)) 

for all r > 0. Therefore 

Ext| 4 t 1 (F(M),©ti ©?=i ft) 
= Ext^,(F(M), ©| =1 ©jli *S'ij)Ext A /(©f =1 ffi" = i S[j, ©| =1 ©Jlj 5^) 
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for all r > 0. By Section we have 

= l2i=l z2jLi Ext^,(F(M), ©* =1 © g =i <Spg)-^A'(®p=l ®?=1 ^pg' ^ij) 

for all r > 0. Note that Ext r A ,(F(M), ©^©Ji^)^©^©^!^, S^) C 
^(^(M),^). Thus 

^(^(M), 5;.) = Ext^(F(M), ©; =1 @ u q U S' pq )E\,{@l =l ® u q U S' pq , S^) 
for all i,j,r. It follows 

Ext$\F(M), 5;.) = Ext£,(F(M), ©^ =1 ©^ ^)Ext\,(©; =1 ffi^ S^, 
for all i,j,r. By Lemma El we have 
Ext^t 1 (F(M),^.) 

= Ext^(F(M),©; =1 5;)Ext\,(©; =1 5';,^) 

= Ext r A , (F(M), ©p =1 ©g=i Sp 9 )Ext^/(©p =1 © 9 =! S^-) 
for all i,j,r. It follows 

^(F(M), S-;-) = Ext^(F(M), ©; =1 @% S' pq )E\,{@ s p=1 @% S' pq , sy 
for all i,j,r. Thus 

m=iu;ii^t i (F(M),^.) 

= Si=i ^2j=i Ext^,(F(M), ©p =1 © g =i 5p ? )F A /(ffi p=1 ©^ 5*^, S^-) 
for all r > 0. By Section fOl we obtain 

Ext^ 1 (F(M),ffi| =1 ©ji 1 ^.) 
= Ext^/(F(M), ©| =1 ffij=i 5 , ij)Ext j4 /(©| =1 ©j=i Sy, ffif =1 ©j=i •S'jj) 
for all r > 0. Thus 

Ext^+ 1 (F(M), A'/J') = Ext^(F(M),A7J / )Ext^(A7J',A7J / ) 
for all r > 0, i.e., F(M) is a quasi-Koszul A'-module. □ 

Remark 1 Though the quasi-Koszulity of algebras is invariant under Morita 
equivalence, it is not so under derived equivalence even tilting equivalence 
in general. Indeed, all path algebras are Koszul thus quasi-Koszul. If all 
their tilted algebras were quasi-Koszul then, as length graded algebras, all 
monomial tilted algebras would be Koszul, thus quadratic fH[ Corollary 7.3]. 
It is a contradiction WT\ Appendix]. Nevertheless, since the global dimension 
of tilted algebras are less equal to 2 Theorem (5.2)], all quadratic tilted 
algebras are Koszul \17\ Theorem 7.2]. 

Corollary 1 A is quasi-Koszul if and only if so is M n (A). 
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2 Skew group algebras and quasi-Koszulity 



In this section, we show that, a finite-dimensional A- algebra A with an action 
of G is quasi-Koszul if and only if so is the skew group algebra A*G, where G 
is a finite group satisfying char.fr \\G\. Moreover, we prove that the Yoneda 
algebra Ext* A , G ((A*G)/J(A*G), (A*G)/J(A*G)) of the skew group algebra 
A * G is isomorphic to the skew group algebra Ext* A (A/ J, A/ J) * G of the 
Yoneda algebra Ext* A (A/ J, A/ J). The results of this section are essentially 
due to Martinez- Villa (cf. [23]). 

2.1 Skew group algebras 

Let A be a A-algebra and G a group of A-algebra automorphisms of A. 
Then the skew group algebra A* G is defined as follows: As a if- vector space 
A * G = A ®k KG. For a G A and g G G, write ag instead of a <g> g, and 
define the multiplication by ga := g{a)g. 

Let A be a A-algebra and G a group. Then an action of G on A is a map 
G x A -> A, (p, a) i-> 5a satisfying (5-15-2)0 = 5i(52«), la = «,5(«i + a 2 ) = 
501 + ga 2 ,g(a 1 a 2 ) = (ga 1 )(ga 2 ),g(ka) = k(ga), for all 5,5-1,5-2 G G,a,ax, 
a 2 e A,k e K. 

For a A-algebra A, giving a group G of A-automorphisms of A is equiva- 
lent to giving an action of a group G on A, or giving a group homomorphism 
G — ► Autfc(A) where Autfc(-A) denotes the group of A'-algebra automorphisms 
of A, or giving a i^G-module algebra structure (cf. [HI Proposition 1.2]). 

2.2 Quasi-Koszulity of skew group algebras 

Let G be a finite group and M a A'G-module. Denote by M G the KG- 
module {m G M\gm = m for all g G G}. If charA' { |G| then the fixed point 
functor (-) G : Mod AG -> ModAG is exact (cf. [23 Lemma 3]). 

Lemma 4 (c/. Offi Lemma 4]) Let A be a K-algebra, G a finite group acting 
on A, and M, N, L three A * G-modules. Then 

(1) HomA(M, N) is a KG-module defined by (g<j))(m) = g^g^m) for 
g G G, G Hom A (M, N),m G M. 

(2) Hom A (M,N) G = Hom A * G (M,N). 

(3) Exe A (M,N) is a KG-module satisfying g ([£][(]) = (g[£]MC]) for 
geG, [f] G Ext> A {L,M) and [(} G Exf A (M, N). 

Proof. (1), (2): Easy to check. 

(3): To each g G G, we associate a functor (— ) g : ModA — > ModA For 
each X in ModA, X 9 is defined as follows: As a A-vector space X 9 = X. For 
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a G A and x G X 9 , a ■ x := (ga)x. For X, K in MocL4 and G Hom^X, Y), 
(p 9 := 0. Obviously, the functor (— ) 9 is not only an exact functor but also 
an automorphism of ModA with the inverse Q 9 . 

Since M is an A * G-module, we have an A-module isomorphism ty 9 M : 
M — > M 9 ,m i — > with the inverse ^ 9 Ma : M 9 —>■ M (cf. i2*2l Proposition 
2.5]). Note that for if) G Hom A (M, X) we have -i^" 1 *!** = ^ 

For g G G and [£] G Ext^(M, AT), the exact functor (— ) 9 1 provides an %- 
extension ofM 9 " by N 9 ' . Since M and AT are y4*G-modules, replacing 
the epimorphism (resp. monomorphism) in £ 9 with the composition of it 
and the A-module isomorphism ^ 9 Mg -i (resp. ^f 9 N ), we obtain an i-extension 
gl; of M by X. One can shows that Ext^(M, X) is a KG- module defined by 
g[£] := \gt) and satisfying [£]) = (<?[£])(<7[C]) for <? G G, [£] G Ext J A (L,M) 
and [C] G Ext^(M,X). □ 

Lemma 5 (c/. liffi Corollary 5]) Let A be a K -algebra, G a finite group 

acting on A, and q : -> L A M A AT -> an exaci sequence of A* G- 
modules. Then for any A * G-module X two long exact sequences 

-► Hom A (X, L) -> Hom A (X, M) -► Hom A (X, N) 
-> £x^(X, L) -> £x^(X, M) -> ^(X, X) -> • • ■ 

-> Hom A (N, X) -> Hom A (M, X) -> Hom A (L, X) 
-> ^(X, X) -> Ext\(M, X) -> X) -> • • • 

are exaci sequences of KG-modules and KG-module maps. 

Proof. By Lemma |U (1) and (3), we know that all terms in the long 
exact sequences are XG-modules. 

Since <f> is an A * G-module map, by Lemma 0] (2), we have g<f> = <f> for all 
g G G. For any [£] G Ext^(X, L), using ^ /9 -i0 9 = #0, we can show 

that ^Ext^X, </>)([£]) = Ext^X, #)([#£]) *= Ext^X, <f>)(g[£]). It follows 
that Ext^(X, 0) is a XG-module map. Similar for Ext^(X, if)). 

Let 5 : Ext' A (X, X) — > Ext^ fl (X, L) be the connecting map and [(} G 
Ext^(X, X). Since q is an exact sequence of A*G-modules, we have g[q] = [q]. 
ByLemmai](3),wehave%[C]) = (g[(})[q] = (<7[C])(<?M) = <?([C?D = gS{[Q). 
It follows that 5 is a XG-module map. 

Hence the first exact sequence is an exact sequence of XG-modules and 
XG-module maps. Similar for the second exact sequence. □ 

Lemma 6 (cf. \2<% Lemma 6]) Let A be a K -algebra, G a finite group acting 
on A with charK \ |G| and P a finitely generated A * G-module. Then P is 
projective if and only if P is projective as an A-module. 
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Proof. If P is projective as an A * G-module then P is a direct summand 
of a free A* G-module (A*G) 1 . So P is a direct summand of a free A-module 
(A * G) % = A^ 1 . Hence P is a projective A-module. 

Conversely, if P is a projective A-module then by Lemma 03 the functor 
Hom A (P, -) : ModA * G -> ModifG is exact. Since the functor (-) G : 
ModfTG -> ModKG is exact, the functor Hom A (P, -) G : ModA * G -> 
Modi^G is also exact. By Lemma |U (2) the functor Houu^P — ) = 
Hom^P, — ) G : ModA * G —>■ Modi^G is exact. Thus P is also projective as 
an A * G-module. □ 

Let M be an A * G-module and W a i^G-module. Then M ®k W is an 
A * G-module defined by (ag)(m (g) w) = agm <g> for a e A, (7 £ G, m e 

Lemma 7 (^c/. JI?5| Lemma 8]) Let A be a K-algebra, G a finite group 
acting on A, P a finitely generated projective A * G-module, N an A * G- 
module and W a KG-module. Then we have a K-vector space isomorphism 
Op : Hom A (P, N)® K W -> Hom A * G (P ® K KG, N ® K W) defined by 9 P {<j> <g> 
w){p®g) := (g<f))(p) ®gw. 

Proof. Consider the natural isomorphisms a : Hom^A, N) ®k W —* 
N ® K W,(j) ® w ^ 0(1) ® w and r : Hom A * G (A ® K KG, N ® K W) -> 
iV ®x W,V> | -> ^(1 (8) 1). We have # A = t~ 1 g. Thus Lemma holds for 
P = A. Next we can prove routinely that Lemma [7| holds for all A n with 
n > 1 and all finitely generated projective A * G-module P. □ 

Lemma 8 (cf. \2fy Proposition 9]) Let A be a K-algebra, G a finite group 
acting on A with charK \ \G\, M an A * G-module admitting a finitely 
generated A * G-module projective resolution P = (Pi,ipi)i>o, N an A* G- 
module and W a KG-module. Then we have K-vector space isomorphisms 
6i : Ex? A (M ,N)® K W -> Exi MG (M® K KG,N ® K W) defined by 6i(<j>®w) := 
9 P .{4> ® w), for all i > 0. 

Remark 2 Here we view the elements in Ext\(M,N) as the residue classes 
in HomA{Pi,N)/ ImHomA{ipi,N) or HomA{Q l {M), N)/ ImHom^ii, N) where 
Q l (M) denotes the i-th syzygy of M and : Q l (M) <^-> Pi-\ is the natural 
embedding (cf. Wl\ Chapter III, Theorem 6.4]), because in this situation this 
viewpoint is more intuitive. 

Proof of Lemma [HI By Lemma El P is also a finitely generated A- 
module projective resolution of M. Thus P ®k KG is an exact sequence 
of A * G-modules where the A * G-module structure of P« ®k KG is given 
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by (ag)(pi <%> h) = agpi ® gh. By Lemma El again, P ®k KG = (Pi ®k 
KG, ipi Cg> l)i>o is a finitely generated A * G-module projective resolution of 
M®rKG. It follows from Lemma[7|that (0pji>o is a chain isomorphism from 
the complex Hom A (P, N) ® K W to the complex Hom A (P<g>^ KG,N ® K W). 
This chain isomorphism induces isomorphisms 9i : Ext A (M, N) ®k W — * 
Ext Aj , G (M ®x KG,N ®k W) between the homologies of these complexes 
defined by 8i(<f) ® u>) := 0^(0 ® w) for all i > 1. The case of i = follows 
from Five Lemma. □ 

Theorem 2 (c/. I2.5|, Theorem 10]) Let A be a finite- dimensional K- algebra, 
G a finite group acting on A with charK \ \G\ and M a finitely generated 
A*G-module. Then M®rKG is a quasi-Koszul A*G-module if and only if M 
is a quasi-Koszul A-module. In particular, the algebra A*G is quasi-Koszul if 
and only if so is A. Moreover, Exb* MG ((A*G) / J(A*G),(A*G) / J(A*G)) = 
Ext* A (A/ J, Aj J) * G as positively graded K-algebras. 

Proof. Let P = (Pk,ipk)k>o be a finitely generated A * G-module pro- 
jective resolution of M. First of all, we show that the following diagram is 
commutative for alH, j > 0: 

(Ext^(M, A/. J) K KG) X (Ext^(A/J, A/. J) ® K KG) Ext^ (M, A/ J) ® K K G 

I (8t,8j) l 5 t+j 

Ext A*G< M ®K KG, (A/ J) * G) X Ext 3 AtG ((A/J) * G, (A/ J) * G) Ext^+ 3 G (M ® K KG, (A/ J) * G) 

where v is Yoneda product and [i is defined by fi(a®g,/3®h) := a(g/3)®gh. 

Let Q = (Qfc,0fc)fc>o be a finitely generated A * G-module projective 
resolution of A/ J. Let a G Ext A (M, A/ J) and j3 G Ext 3 A (A/ J, A/ J) with 
a G Hom A (l?(M),A/J) or Hom A (P i , A/ J) and (3 G H om A (Q^/J),A/J) 
or Hom A (Q j , A/J) (cf. Remark^). Then a/3 = /3Q?(a). 

Since P = (Pk,4>k)k>o is an A * G-module projective resolution of M, 
P(z) := {Pk+i,''Pk+i)k>o is an A* G-module projective resolution of f2*(M) for 
all z > 0. Furthermore, F(i) ®rKG is an A* G-module projective resolution 
of Q*(Af) ®x KG for all i > 0. Suppose the map a : f^(M) -> A/ J induces 
a chain map (aj)j>o : P(i) - * Q- Then (8p j+i (aj <S> g))j>o '■ P(«) ®A' KG — » 
Q®kKG is exactly a chain map induced by the map 6p t {a®g) : P,i®rKG — > 
(A/J) ®^ KG. It follows that n j {6 Pi {a ® g)) = e Pj J{^{a) ® g). Thus for 
x <g> Z G P i+i ®tf KG 

^,(/3®/i)^'(^(a®^))(a;®Z) 
= Oj ()9®/i)0p J+i (^(a)®p))(a;®Z) 
= 9 Qj (0®h)((!£P(a l ))(x)®lg) 
= (lgP)((l£P(a))(x))®lgh 
= lg(3{{lg)-H{W{a){l- l x))) <g> Igh 
= l(gf3(g- 1 (W(a)(l- 1 x))))®lgh 
= (l((gf3)W(a)))(x)®lgh 

= ep j+i ((g{3)n j (a)®gh)(x®i), 
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i.e., 9 Q .((3 ® h)SP(9 Pi (a <g> </)) = ep^igfitiHa) <g> gh). 

Ther efore 6 i+j ((a ® g)Qg g /i)) = 6 i+j (a(g0) g g/Q = g 

g/Q = ep j+i {{gP)W{a)®gh) = 9 Qj (f3 ® h)W(9 Pi (a ® g)) = 6 Pi (a®g) 

QqAP ® h) = 6i(a® g)9j(j3 ® h). So the diagram above is commutative. 
If charfT \\G\ then, by |3TH Theorem 1.1], J * G is the Jacobson radical 

of A * G. Moreover, (A * G)/(J * G) = (A/ J) * G. Thus M ® x KG is a 

quasi-Koszul A * G- module if and only if 

Ext^/ G (M ® K KG, (A/ J) * G) 
= Ext^ G (M ® K KG, (A/ J) * G)Ext^ G ((A/J) * G, (A/ J) * G) 

for all i,j > 0, if and only if 

Ext^ +i (M,A/J) ®^ KG 
= (Ext^(M, A/J) ®^ KG)(Ext j A (A/J, A/ J) ® K KG) 
= (Ext A {M, A/ J)Ext j A (A/ J, A/ J)) ® K KG 

for all i,j > 0, if and only if 

Ext^'(M, A/ J) = Ext A (M } A/J)Ext j A (A/J, A/ J) 

for all i,j > 0, if and only if M is a quasi-Koszul A-module. In particular, 
taking M = A/ J we have the algebra A * G is quasi-Koszul if and only if 
so is A. Moreover, according to the commutative diagram above, the map 
(#i)i>o is a positively graded K-algebra isomorphism Ext* A (A/ J, A/ J) * G = 
Ext* A , G ((A*G)/J(A*G),(A*G)/J(A*G)). ' □ 

3 Smash product and quasi-Koszulity 

In this section we show in two ways that a finite-dimensional G-graded K- 
algebra A is quasi-Koszul if and only if so is the smash product A#G*, 
where G is a finite group satisfying char.fr \ |G|. Moreover, we prove that 
the Yoneda algebra Ext^ #G , ((A#G*)/ J(A#G*), (A#G*)/J(A#G*)) of the 
smash product A#G* is isomorphic to the smash product Ext* A (A/ J, A/ J)#G* 
of the Yoneda algebra Ext* A (A/ J, A/ J) as positively graded K-algebras. 

3.1 Smash product 

Let G be a finite group and A = U geG A g be a G-graded .fT-algebra. A graded 
A-module M is an A-module, together with a direct sum decomposition M = 
LL 6( 3 M g of fT-vector spaces such that A g Mh C M g h for all g,h G G. Denote 
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by GrA the category whose objects are all graded A-modules and whose 
morphisms : M — > N are morphisms in ModA such that (f)(M g ) C N g 
for all g G G. The category GrA is not only an abelian category but also 
a Grothendieck category (cf. [2E1 Section 2.2]). Since it is closed under 
kernel and has enough projective objects, each object in GrA has a graded 
projective resolution. 

Let KG* be the dual algebra of KG and {p g \g G G} its dual basis, i.e., for 
g G G and x = J2heG ah ^ e KG one has = a g & K and p s ph = <5 9 hP/i 

where 5 g h is the Kronecker delta. The smash product, denoted by A#G* (cf. 
[TT) Section 1] and 5, Section 2]), is the K- vector space A ® K KG* with the 
multiplication given by {a#p g )(b#ph) '■= oh g h-^Ph where a#p g denotes the 
element a®p g . 

For graded A-modules M and N, we denote by HOM A (M, N) the set 
<B geG Kom A (M,N) g , where Rom A (M,N) g = {/ G Hom A (M, JV)|/(M h ) C 
iV fcfl for all /t 6 G}. We write EXT A (M,N) for the derived functor of 
ROM A (M, JV). Since G is finite, we have HOM A (M, N) = Rom A (M, N) and 
EXT^(M,JV) = Ext l A (M,A0 (cf. [2B1 Corollary 2.4.6 and Corollary 2.4.7]). 
Now that Ext l A (M, N) may be computed from a graded projective resolution 
of M, the grading on each Hom A (M, N) induces a grading on Ext l A (M,N). 
Therefore Ext* A (A/J, A/ ' J)#G* is well-defined. 

For any graded A-module M, M ® K KG* is a left v4#G*-module defined 
by (a (g> p g )(m <g> p/J = am gh -i ® ph for all a G A, m G M and g,h e G. If 
P is a finitely generated graded projective A-module then P CED^- iTG* is a 
finitely generated projective A7^G*-module. 

3.2 Quasi-Koszulity of smash product 

Lemma 9 Let G be a finite group, A a G-graded K -algebra, P a finitely gen- 
erated graded projective A-module and N a graded A-module. Then there is 
a K -vector space isomorphism dp : Hom A (P, N) ® K KG* — > Hom A # G *(P ® K 
KG*,N ® K KG*) defined by 9 P (<p ® p g )(x h ®p{) = 4>(x h ) hlg -i <g> p g for all 
x h G P h andp g ,pi G KG*. 

Proof. Consider the natural isomorphism a : Hom^A, N) ®k KG* — > 
N ® K KG*, <p®p g ^ 0(1) ® p ff and r : Hom(A g)*- KG*, N ® K KG*) -> 
AT (g)^ KG*,ip V(l ® !)• We have 6U = r _1 cr. Thus Lemma H holds for 
P = A. Next we can prove routinely that Lemma El holds for all A n with 
n. > 1 and all finitely generated projective A * G-module P. □ 

Lemma 10 Let G be a finite group, A a G-graded K-algebra, M a graded 
A-module admitting a finitely generated graded projective resolution P = 
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(Pi,ipi)i>o an d N a graded A-module. Then there is a natural isomorphism 
Oi : Exf A (M,N) ® K KG* -> Ext A#G *(M ® K KG*,N ® k KG*) defined by 

9i(4> ®P g ) '■= 9p i ((j> ®P g ) f or each i > 0. 

Proof. Note that P <3 K KG* = (Pi ® K KG*, fa <g> 1);> is a finitely gen- 
erated y4^G*-module projective resolution of M ®k KG* . It follows from 
Lemmainithat (9p i )i>o is a chain isomorphism from the complex Honu(P, N)®k 
KG* to the complex Hom A #G*(P ®k KG*, N ® K KG*). This chain isomor- 
phism induces isomorphisms 0* : Ext A (M, N) ® K KG* — ► Ext A#G ,(M ® K 
KG* , N ®k KG* ) between the homologies of these two complexes defined 
by 9i(4>®p g ) '■ = 9p.((j) ® p g ) for all i > 1. The case i = follows from Five 
Lemma. □ 



Theorem 3 Let A be a finite-dimensional G-graded K-algebra, where G is 
a finite group satisfying charK \ \G\. Let M be a finitely generated graded A- 
module. Then M ®k KG* is a quasi-Koszul A^G* -module if and only if M 
is a quasi-Koszul A-module. In particular, Aj^G* is quasi-Koszul if and only 
if so is A. Moreover, Ext* A#G *((A#G*)/J(A#G*),(A#G*)/J(A#G*)) = 
Ext* A (A/ J, A/ J)#G* as positively graded K-algebras. 

Proof. Let P = (P*., fa)k>o be a finitely generated graded projective 
resolution of M. First of all, we show that the following diagram is commu- 
tative: 

(Bxt A (M, A/J) ® K KG*) X (Ext A (A/J,A/J) ® K KG*) Ext i + j (M, AJ J) <3> K K G* 

Ext^ #G »(M® K KG*,(A/J)#G*) x Ext J A#G » ((A/ J)#G*, (A/ J)#G*) Ext^ G , (M ® K KG* , (A/ J)#G*) 

where z/ is Yoneda product and /i is defined by n(a®p gi (3®ph) '■ = a(i3)gh-i <S> 
Ph- 

Let Q = (Qk,4>k)k>o be a finitely generated graded projective resolu- 
tion of A/J. Let a G Ext A (M,A/J) and j3 G Extf A (A/J,A/J) with a G 
Hom A (ff(M),A/J) or Hom(P i , A/ J) and f3 G Hom A (Q J '(A/ J), A/J) or 
Hom(Qj, A/J). Then a(/3) gh -i = /3 gh -i^(a). Since P = (Pk,fa)k>o is 
a graded projective resolution of M, P(z) = (Pk+i, fa+i)k>o is a graded 
projective resolution fi*(M) for all i > 0. Furthermore P(z) KG* = 
(Pfc+i ®k KG*,tpk+i ® l)fc>o is an A#G*-module projective resolution of 
n i '(M) <g> x KG* for all % > 0. Suppose a : Q i (M) ^ A/J induces a 
chain map (a^o : P(i) Q- Then (^(aj ® P g ))j>o ■ ®^ ^G* -> 
Q®_r: KG* is exactly a chain map induced by the map 9p i {a®p g ). Therefore 
9 Pj+i {W{a)®p g ) = W{9 Pi {a®p g )). 
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For any x G (Pj+i)i and p m G KG*, we have 

9 Qj (f3 ® p h )^ j (0 Pi (a <g> p 9 ))(x <g> p m ) 
= 9 Q /{/3 ®p h )9 P . +i (W(a) ®p g ))(x ®p m ) 
= 9 Q .(P®p h )((W(a)(x)) mlg -i ®p g ) 
= /3((£V(a)(x)) mlg -i) mlh -i ®p h 
= (^-lO^ajti))^-!®?/, 
= 9 Pj+i (/3 gh -iQ j (a) ®Ph)(x ®Pm), 

Th us 9 i+j ((a ® p g )(j3 g p h )) = 6 i+j (a(j3) g -i h ® p h ) = 8 i+ j (P g h -iSV(a) g 
Pa) = 9 Pj+i (P gh -iW(a) ®p h ) = 9Q 3 {p®ph)£li{9 Pz {a®p g )) = 9 Pi {a®p g ) 
9Q j {P ®Ph) = #i(<5 ®Pg)9j{J3 ®Ph). So the diagram above is commutative. 

Let J and Jg be the Jacobson radical and graded Jacobson radical of 
A respectively. Since char.fr \ |G|, by fTJ Theorem 4.1 and Theorem 4.4], 
we have J(A#G*) = J G #G* = J#G*. Moreover, {A#G*)/ J(A#G*) S 
(A/J)#G*. 

Therefore M KG* is a quasi-Koszul A$:G*-module if and only if 

Ext l A +J G *(M ® K KG*, (A/J)#G*) 
= Ext^ #G ,(M ®* KG*, (A/J)#G*)Ext^ #G »((A/J)#G*, (A/J)#G*) 

for all i,j > 0, if and only if 

Exf+ J (M, A/ J) ® K KG* 
= (Ext^(M, A/ J) ® K KG*)(Ext j A (A/J, A/ J) ® K KG*) 
= (Ext l A (M, A/ J)Ext j A (A/ J, A/ J)) ® K KG* 

for all i,j > 0, if and only if 

Ext^ +i (M, A/ J) = Ext l A (M, A/J)Ext j A (A/J, A/ J) 

for all z, j > 0, if and only if M is a quasi-Koszul A-module. In particular, 
taking M = A/J we have the algebra Aj^-G* is quasi-Koszul if and only if 
so is A. Moreover, according to the commutative diagram above, the map 
(9i)i>a is a positively graded K-algebra isomorphism Ext* A (A/J, A/ J)#G* = 
Ext* A#G ,{{A#G*)/J{A#G*),{A#G*)/J{A#G*)). □ 

Remark 3 Let A be a finite- dimensional G-graded K-algebra, where G is 
a finite group satisfying charK \ \G\. We can show in another way that 
A is quasi-Koszul if and only if so is Aj^G* : It follows from Corollary QJ 
Cohen- Montgomery's duality theorem for coaction (cf. Theorem 3.5]) 

and Theorem® that A is quasi-Koszul if and only if so is M n (A) = (A#G*) * 
G, if and only if so is A#G* . 
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4 Finite Galois covering and Koszulity 



In this section, we show that if a finite-dimensional connected quiver algebra 
is Koszul then so are its Galois covering algebras with finite Galois group G 
satisfying charK \ \G\. Indeed, we have two ways to observe the relations 
between finite Galois covering and (quasi-)Koszulity: One is via covering 
functor and galois extension (cf. Section f4.1j) . the other is via covering of 
quiver with relations (cf. Section [Oj) . 

4.1 Galois extension, covering functor and Koszulity 

Let K be an algebraically closed field. Let A' be a i^-algebra and G a finite 
group acting on A' as a group of f^-automorphisms. We say that the pair 
(A 1 , G) is pregalois if A' is a projective v4'*G-generator (cf. (21 Section 1]). We 
say that the pregalois pair (A', G) is left (resp. right) galois if A' G /ann^cS* is 
a semisimple artinian .fT-algebra for each simple left (resp. right) A'-module 
S. We say that the pair (A', G) is galois if it is both left and right galois (cf. 
j2 Section 4]). In this case, the X-algebra A' is called a galois extension of 
A := A' G . In case A' is a finite-dimensional basic i^-algebra, (A', G) is galois 
if and only if the induced action of G on the isomorphism classes of simple 
A'-modules is free (cf. (21 Proposition 5.3]). 

A K-category A is a preadditive category in which the morphism sets 
are i^-vector spaces and the compositions are i^-bilinear. A i^-category A 
is called a locally bounded K-category if it satisfies: (1) for each object a 
in A, End^a) is a local ring; (2) for each pair of objects a and b in A, 
dimxHom^a, b) < oo; (3) distinct objects of A are nonisomorphic; and (4) 
for each a in A there are only a finite number of objects b in A such that 
Hom A (a,6) ^ or Hom A (6, a) ^ (cf. Section 2.1]). 

If A[ and A are locally bounded ^-categories then a i-T-linear func- 
tor F_ : A[ — > A is called a covering junctor if: (1) F_ is surjective on 
objects; and (2) for each a' in A[ and a in A, F_ induces isomorphisms 
IL'eF-V) H- om A'(b',a') -> Honu(a,£(a')) and LL,, GZ -i (a) Hom^(a', b') -> 
Hom A (F(a'),a) (cf. [9, Section 3.1]). 

Let A[ be a finite locally bounded -fT-category. Assume that G is a finite 
group of i^-automorphisms of A[ such that the induced action on the objects 
is free. Then, by (THl 3.1 Proposition], the quotient category A[jG exists and 
the canonical projection A[ — > A^/G is a covering functor, which is called a 
Galois covering with finite Galois group G. 

Let A be a finite-dimensional basic fC-algebra. Then A is isomorphic to 
KQ/I where Q is a finite quiver and / is an admissible ideal of the path 
algebra KQ (cf. (SI Corollary 1.10]). So A can be viewed as a finite locally 
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bounded if-category A which is the quotient category of the path category 
KQ (cf. Section 2.1]). 

Assume that F_ : A[ — > A is a Galois covering with finite Galois group 
G, where the finite locally bounded ^-category A[ corresponds to a finite- 
dimensional basic .fT-algebra A' = KQ' jV . Then (A',G) is a galois extension 
and A = A' G (cf. [21 Theorem 6.2]). It follows from Theorem El that, in the 
case of char.fr { \G\, A' is quasi-Koszul if and only if so is A' * G. By 
[21 Propositon 1.2], we know the category ModA' * G is equivalent to the 
category ModA' G , i.e., ModA. Applying Theorem^ we have A' * G is quasi- 
Koszul if and only if so is A = A' G . Thus, in the case of chari^ { \G\, A' is 
quasi-Koszul if and only if so is A. 

If both A = KQ/I and A' = KQ' jV are graded quiver algebras then A 
is Koszul if and only if so is A'. 

Remark 4 Though we can obtain the relation between Koszulity and finite 
Galois covering via galois extension, the underlying field K has to be assumed 
to be algebraically closed. 

4.2 Covering of quiver with relations and Koszulity 

Let K be a field and Q a quiver. From now on we always denote by Qq (resp. 
Qi) the vertex (resp. arrow) set of Q. For a path p in Q, we denote by i(p) 
(resp. t(p)) the initial point (resp. terminal) point of p. Let Q' and Q be quiv- 
ers. Let F : Q' — > Q be a covering (in the topological sense) and v ' G Q' . Let 
7Ti(Q',v') be the fundamental group of Q' and F* : tti(Q',v') — > tti(Q, F(v')) 
be the map induced by F. We say a covering F : Q' — > Q is regular if 
F*(7Ti(Q', v ')) is a normal subgroup of 7Ti(Q, F(v')). In this case, Q is home- 
omorphic to the quotient space Q'/G where G = iri(Q, F(v'))/ F*(tti(Q' , v 1 )) 
is the automorphism group of the covering F : Q' — > Q (cf. |2S1 Chapter 5]). 

Some of the following contents are taken from ^3] for reader's conve- 
nience. If r = YliLi kiPi i s a ^-linear combination of paths in Q and v, w 
are vertices in Q, we denote by c V}W (r) the (v,w)- component of r where 
c V}W (r) := YTj=i fajPij an d {Pij}j=i is the subset of {pi}™ =1 of all those paths 
with initial point v and terminal point w. 

A map L : Qq — >• Q' is called a lifting if L(v) G F _1 (f ) for all u G Qo- By 
uniqueness of path lifting, if p is a path with initial point i(p) and terminal 
point then we denote by L(p) the unique path in Q 1 with initial point 
L(i(p)) such that F(L(p)) = p. If r = Y^LikiPi * s a ^-hnear combination 
of paths in Q we denote Y^Li hL(pi) by I/(r). 

We say (Q, p) is a quiver with relations if Q is a quiver and p is a set 
of f^-linear combinations of paths in Q. Let (Q',p') and (Q,p) be quivers 
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with relations. We say F : (Q',p') — > (Q,p) is a morphism of quivers with 
relations if F : Q' — > Q is a regular covering of quivers satisfying: (1) p' = 
{L(r)\L : Q — > Q' Q is a lifting and r G p}; (2) if r' G p' and f,w G Qo then 
there exist i>', «/ G Qq such that F(c„/ im '(r')) = c v>w (F(r')). 

Let A = KQ I (p) be a finite-dimensional connected -fT-algebra where (p) 
denotes the admissible ideal of KQ generated by p. Let F : (Q',p') — > 
{Q,p) be a morphism of quivers with relations and finite group G its group 
of automorphisms. In this case, F is called a Galois covering with finite 
Galois group G. It follows from [14, Theorem 3.2]) that there is a weight 
function W : Qi —>■ G such that A may be given the G-grading induced 
by W. Moreover, modKQ' / (p f ) is equivalent to the category grA of finite- 
dimensional G-graded ^-modules. By [TT| Theorem 2.2], we have grA is 
isomorphic to modA^G*. Thus modKQ' f(p') is equivalent to modA#G*. 
It follows from Theorem^ and Theorem El that, in the case of char.fr \ \G\, 
KQ' I (p 1 ) is quasi-Koszul if and only if so is A#G*, if and only if so is A. 

Clearly, p is a set of homogeneous relations in the length grading if and 
only if so is p' . Thus, if KQ/ (p) is a graded quiver algebra with p a set of 
homogeneous relations in the length grading then so is A' = KQ'/(p'). So 
we obtain the following theorem: 

Theorem 4 Let KQ/ (p) be a finite-dimensional connected Koszul K -algebra 
with p a set of quadratic relations. Let F : (Q',p') — ► (Q,p) be a Galois 
covering with finite Galois group G satisfying charK \ \G\. Then KQ'/{p') 
is Koszul. 

Remark 5 Of course we also have the "inverse" of Theorem^ as follows: 
Let KQ' j (p') be a finite- dimensional connected Koszul K-algebra with p' a 
set of quadratic relations. Let F : (Q',p') — > (Q,p) be a Galois covering 
with finite Galois group G satisfying charK \ \G\. Then KQ/(p) is Koszul. 
However, it is useless in practice. 

5 Construction of Koszul algebras 

In this section, we provide a general construction of Koszul algebra by Galois 
covering with finite cyclic Galois group. Moreover, as examples, we construct 
Koszul algebras from exterior algebras and Koszul preprojective algebras by 
finite Galois covering with either cyclic or noncyclic Galois group. 
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5.1 General construction 

Let A = KQ I (p) be a Koszul algebra with p a set of quadratic relations. 
Then one can construct a finite Galois covering F : (Q',p') — > (Q,p) with 
Galois group G = Z n , n > 2, satisfying chari^ f n, in the following way: Let 
Q'o ■= {(v,r)\v G Qo,r G Z n }, Q; := {(a,r) : (i(o),f) -> (t(a),rTT)|a G 
Qi,r G Z} and p' = d=i fc i( a i2, r + 2) (an, r + 1)| YlUi kia i2 a il G p, fc* G 
if, ajj G Qi, r G Z}. The covering F : (Q', p') — ► (Q, p) is defined by (v, r) i— > 
f and (a, r) t— > a, which is a Galois covering with Galois group Z n . By 
Theorem the graded quiver algebras KQ' / (p') are Koszul for all n > 2 
with chari^ { n. 

5.2 Constructions from exterior algebras 

Exterior algebras is a quite important class of algebras, which plays extremely 
important roles in many mathematical branches such as algebraic geometry, 
commutative algebra, differential geometry. 

Let Q be the quiver given by one vertex 1 and m-loops a\, 02, a m with 
m > 2. Denote by p the set {af\l < i < m} U {a^aj + aja^l < i < j < m}. 
Then A := KQ/ (p) is the exterior algebra over K (cf. |2Zj)- It is well-known 
that A is a Koszul algebra and its quadratic dual is the algebra K[xi, ...,x m ] 
of polynomials in m variables Xi, -..,x m . 

Applying the general construction in Section 15.11 we can obtain many 
new Koszul algebras: 

Example 1 Define the quiver with relations (Q',p') by Q' := {r|r G Z n }, 
Q[ := {(ai,r) : r — > r + 1|1 < i < m, r G Z} and p' = {(a i: r + T)(ai,r)\l < 
i < m,r G Z} U {(a,, r + 1)(%, r) + (a^, r + l)(aj, f)|l < i < j < m, r G Z}. 
TTie covering F : (Q',p') — > (Q,p) is defined by r 1— > 1 and (a,r) 1— > a, which 
is a Galois covering with Galois group Z n . 5y Theorem^ the graded quiver 
algebras KQ' / (p') are Koszul for all n > 2 wift charK \ n. 

We can construct more new Koszul algebras from exterior algebras by 
finite Galois covering with cyclic Galois group: 

Example 2 For 1 < I < m, define the quiver with relations (Q', p') by 
Q' := { r\r G Z n } ; Q[ := {(a h f) : r -> f+T|l < i < /, r G Z} U 
{(oj,r) : r + 1 — > r|Z + 1 < i < m, r G Z} and p' naturally induced by p, 
i.e., p' := {(a h FTT)( a h r)\l < i < l,r G Z} U {(a h r)(a h 7+l)\l + 1 < 
i < m,r G Z} U {(a,j,r + l)(cii,r) + (a,i,r + l)(a,j,r)\l < i < j < l,r G 
Z} U {(a 3 -,r)(oi,r + 1) + (d i ,f)(d j ,r + + 1 < i < j < m,r G Z} U 
{(dj, f)(di,r) + (di, r — l)(dj, r — 1)| 1 < i < 1,1 + 1 < j < m,r G Z}. T/ie 
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covering F : (Q',p') — > (Q,p) is defined by 7 h- > 1 and i— > Oj ; which 

is a Galois covering with Galois group Z n . By Theorem^ the graded quiver 
algebras KQ' / (p') are Koszul for all n > 2 with charK \ n. 

Remark 6 It is well-known that the exterior algebras can be viewed as Z 2 - 
graded algebras. The graded exterior algebras (called Grassmann algebras as 
well 112$ ) have applications in physics. In the case of n = 2, namely in the 
case the Galois group is Z 2 , by fl^j Theorem 3.2], the category modKQ' / (p f ) 
is equivalent to the category grKQ/(p) of Z 2 -graded modules (or superrepre- 
sentations) over the graded exterior algebra (or superalgebra) KQ/ (p) . From 
this viewpoint, the algebras KQ'/(p') in Example^ and Example® should be 
important. 

We can also construct new Koszul algebras from exterior algebras by finite 
Galois covering with non-cyclic Galois group: 

Example 3 Consider the exterior algebra with m = 2. Define the quiver 
with relations (Q',p') by Q' : = {(l,f)|r G Z n } U {(l',f)\f G Z n }, Q[ : = 
{(ai,r) : (l,r) -> (l',7)\r G Z} U {«,r) : (l',r) -> (l,r)|r G Z} U {(a 2 ,7) : 
(1,7) -> (l,r + l)|r G Z} U {(a' 2 ,7) : (l',f) -> (l',r + l)|r G Z} and p' 
naturally induced by p = {a\, a^, aia 2 + a 2 ai}. Tae covering F : (Q',p f ) — > 
(Q,p) is defined by (1,7) i— > 1, (l',r) i— > 1, (a,,r) i— > a, and (a^,r) i— > a i; 
which is a Galois covering with Galois group Z 2 x Z n . 5?/ Theorem^ the 
graded quiver algebras KQ'/ (p') are Koszul for all n > 2 tyzi/i charK \ 2n. 

We can also construct new Koszul algebras from exterior algebras by finite 
Galois covering with Galois group not the direct product of cyclic groups: 

Example 4 Consider the exterior algebra with m = 2. Define the quiver 
with relations (Q',p') by Q' := {(l,r)\r G Z n } U {(l',r)|r G Z n } ; Q[ : = 
{(ai,r) : (1, 7) -> (l',f)|r G Z} U {«,r) : ( l',r) -> (l,r)|r G Z} U {(a 2 ,r) : 
(l,r) -> (l,r + l)|r G Z} U {(a 2 ,r) : (l',r + l) -> (l',f)|r G Z} and p' 
naturally induced by p = {a^, af , aia 2 + a 2 ai}. Tae covering F : (Q',p f ) — > 
(Q,p) is defined by (1,7) i— > 1, (l',r) i— > 1, (ai,r) i— > a, and (a^,r) i— > a i; 
which is a Galois covering with Galois group the dihedral group D 2n - By 
Theorem [7} the graded quiver algebras KQ' / (p') are Koszul for all n > 2 
with charK \ 2n. 

5.3 Constructions from Preprojective algebras 

Preprojective algebras is a very nice class of algebras, which plays important 
roles in differential geometry and quantum groups. 
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Let Q = (Qo, Qi) be a finite connected quiver without oriented cycle. 
Then the double quiver Q is defined by Q := Qo and Q 1 := Qi U {a* : 
t(a) — > i(a)\a G Qi}. Suppose that I is the ideal of KQ generated by all 
elements of the form ^a6Qi( aa * — a * a )- Then the algebra V{Q) := KQ/ 1 is 
called the preprojective algebras of the quiver Q (cf. [32] )• 

Note that V(Q) is Koszul if and only if Q is either A\,A 2 or is not a 
Dynkin diagram [231 Theorem 1.9]. In the case of Q = A%, V(A\) = K. In 
the case of Q = A 2 , the algebra V(A 2 ) is radical square zero, so is its finite 
Galois covering algebras. Thus we cannot construct new Koszul algebras from 
V(Ai) and V(A 2 ) using our approach. Since V(Q) is finite-dimensional if and 
only if Q is a Dynkin quiver, our approach cannot be applied to preprojective 
algebras directly. However, we can construct many new Koszul algebras from 
the quadratic dual of preprojective algebras, which are finite-dimensional. 

Let K be an algebraically closed field. It follows from [231 Theorem 1.9] 
that, in case Q is a tree but not a Dynkin diagram, the quadratic dual of 
V(Q) is just the trivial extension T>(Q) of the path algebra KQ, where Q is 
of the same underlying graph as Q and each vertex is either a source or a 
sink. By [231 Theorem 1.8], V(Q) = KQ/I where Q is defined by Qo := Qo 
and Qi := Qi and the ideal I is generated by the set p which consists of the 
following relations: (1) a*a — b*b, if i(a) = i(b) is a source in Q; (2) aa* — bb*, 
if t(a) = t(b) is a sink in Q; (3) b*a, if t(a) = t(b) and a ^ b; (4) ab* , if 
i(a) = i(b) and a ^ b. 

On one hand, applying the general construction in Section IHTTI to KQ/{p), 
we can construct many new Koszul algebras. On the other hand, we can also 
construct more new Koszul algebras in the following way: 

Example 5 Define the quiver with relations (Q',p') by Q' := {(v,r)\v G 
Q ,r G Z n ], Q[ := {(a,r ) : {i{a),r) -> {t{a),r)\a G Q 1 ,f G Z n } U {(a*,r) : 
(i(a*),f) —* (t(a*),r + l)\a G Qi,r G Z} and p' naturally induced by p. 
The covering F : (Q',p') — > (Q,p) defined by (v,f) \— > t>, (a, r) i— > a and 
(a*,r) m a*, is a Galois covering with Galois group Z n . By Theorem^ the 
graded quiver algebras KQ' j (p') are Koszul for all n > 2 with charK \ n. 
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